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sets Mi and M\ in R, there exists at least one critical point of 
f(xi, • • • , xn) in R that does not belong to a minimal set of 
JyXi, j Xn). 
COROLLARY 2. Iff(xi, • • • , xn) is restricted so that each of 
its minimal sets contains a single point, Theorem 3 becomes 
Bieberbach1 s form of the minimax principle* 
HARVARD UNIVERSITY 
and 
UNIVERSITY OF CALIFORNIA AT LOS ANGELES 
S Y M M E T R I C FUNCTIONS OF n-lC 
RESIDUES ( m o d ^ ) t 
BY T. A. PIERCE 
If p be an odd prime, q is said to be an n-ic residue of p 
if the congruence xn = q (mod p) has solutions; otherwise q 
is an n-ic non-residue of p. A necessary and sufficient con-
dition that q be an n-ic residue of p is that 
(1) 0(p-i>/«s=l, (mod#), 
where ô = g.c.d. (p— 1, n). The numberf of n-ic residues of 
a given prime p is (p—l)/ö. 
I t is with the symmetric functions of these n-ic residues 
that this paper deals. 
By means of (1) we readily prove that the product of two 
n-ic residues is an n-ic residue and that the product of an 
n-ic residue by an n-ic non-residue is an n-ic non-residue. 
Put (p— l ) /ô = r and let gi, g2, • • • , qr be the set of all 
distinct n-ic residues of p. Then g^i, qiq%, • • • , q%qr is the 
same set in different order, for the assumption that two mem-
bers of this last set are congruent leads to the conclusion 
that two members of the first set are not distinct. 
* Loc. cit., p. 140. 
t Presented to the Society, March 30, 1929. 
% Dirichlet-Dedekind, Zahlentheorie, 4th éd., 1894, p. 74. 
Published in Bull. Amer. Math. Soc. 35 (1929) 708-710. 
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Let 5„(<Zi> Ç.2, • • ' , g_r) be an integral homogeneous sym-
metric function of qi, q2, • • • , qr of total degree v. Assume 
that v is not a multiple of r. Take qi to be an n-\c residue 
belonging to the exponent r; such a qi exists since 0 ( r ) > l . 
Then by virtue of the homogeneity 
Sv(qiqi,qiq2, • • • , qiqr) = qivSi,(q1,q2, • • - , £ » • ) . 
Moreover 
Afegi,», • • ' , g#r) s S„(qi,q2, - - - 9 qr), (mod £ ) . 
Hence 
(#/ - l)5,(gi,g2, • • • , qr) = 0, (mod £) . 
Since qi belongs to the exponent r and v is not a multiple 
of r, the first factor is not divisible by p ; therefore the second 
factor is divisible by p. Hçnce we may state the following 
theorem. 
THEOREM 1. An integral symmetric function of dimension 
v of the n-ic residues of the odd prime p is divisible by p if v 
is not a multiple of (p— 1)/S. 
Any symmetric function of the rth powers of the q's may 
be evaluated by (1). Thus 
5 V = 1 + 1 + • • • = (p - l)/d = - b*-\ (mod p). 
A general theory of symmetric functions whose dimensions 
are multiples of (p— l ) / 5 = r is a desideratum here as it is in 
the case of ordinary residues when the dimensions are 
multiples of p—1. The two simplest cases will be treated 
here. 
First, since 
a(p-i)/a - 1 = 0, (mod#), 
is satisfied by the (p—l)/ô distinct n-ic residues this con-
gruence has its full complement of real roots and hence 
(2) qiq2 • * • qr = ± 1, (mod p), 
according as r is odd or even. 
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Next assume that (p— 1)/S is even and greater than 2 and 
let q belong to the exponent r / 2 > l . Such a q exists since 
0 ( r / 2 ) > l . Then ( ^ ) » s S ( H ) / 2 s i (mod ?^) and g is a quad-
ratic residue of £. Thus the congruence 
(3) a ; 2 - £ = 0, (mod/0 
has a solution x. This solution # must be an n-ic residue, for 
from #2 = g (mod £) we have xr==<zr/2==l (mod £), and x 
satisfies (1). 
The fact that (3) has a solution among the set of g's may 
be expressed 
(q - qi2)(q - ^ 2 ) • • • ( < ? - <?,2) ^ o, (mod * ) . 
Expanding the left member and omitting intermediate terms 
whose coefficients are multiples of p, by the theorem above 
we have 
(4) g ' + ( - iyi*Sr/*(qt, ' • • ,q?)qrl2 
+ (qi • ' * ?r)2 = 0, (mod #), 
where 5r/2(<Zi2> • • • , gv2) is the sum of the products of 
<Zi2> • * • i Qr2 taken r/2 at a time. The dimension of Sr/2 
is thus (p—l)/d. The last term of (4) is unity by (2) and 
since q belonged to the exponent r/2 we have 
^/2(?i2 , • • • , q?) s ( - l)r/«+i 2, (mod p). 
This last result corresponds to one due to Glaisher* for 
ordinary residues. 
T H E UNIVERSITY OF NEBRASKA 
* Glaisher, Congruences relating to sums of products, etc., Quarterly Jour-
nal of Mathematics, vol. 31 (1900), p. 34. 
